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In crystalline nanoparticles the Raman peak is downshifted with respect to the bulk material and
has asymmetric broadening. These effects are straightly related to the finite size of nanoparticles,
giving the perspective to use the Raman spectroscopy as the size probe. By combining the dynamical
matrix method (DMM) and the bond polarization model (BPM), we develop a new (DMM-BPM)
approach to the description of Raman spectra for random arrays of nanoparticles. The numerical
variant of this approach is suitable for the description of small particles, whereas its simplier to im-
plement analytical version allows to obtain the Raman spectra of arbitrary sized particles. Focusing
on nanodiamond powders, the DMM-BPM theory is shown to fit the most recent experimental
data much better than the commonly used phonon confinement model (PCM), especially for small
enough nanoparticles.
I. INTRODUCTION
Crystalline nanoparticles, including semiconductor
particles and nanodiamonds, are actively investigated
nowadays for applications in novel materials1, quantum
computing2,3, biology and medicine4,5. The outstand-
ing progress in nanoparticle manufacturing techniques
dictates the further efforts in characterization and stan-
dardization of their size, shape, phase composition, and
surface morphology. For such purposes, the high resolu-
tion transmission electron microscopy, X-ray diffraction,
dynamical light scattering, atomic force microscopy, and
other methods are used.
Among others, significant role is played by the Ra-
man spectroscopy. It is the unique long-wavelength (opti-
cal) nondestructive experimental probe that provides the
tool to investigate the excitations (phonons, excitons6,
magnons7, etc.) on the scale of several interatomic dis-
tances. This allows to characterize the nanoparticle ar-
rays based on the analysis of the positions of the Raman
peaks and their (asymmetric) broadening.
According to the Heisenberg indeterminacy principle,
the momentum conservation law in nanoparticles is vio-
lated due to localization of photon-phonon interaction
within the volume of a particle. While in bulk crys-
tals only the phonons with wavevector q = 0 contribute
to the Raman spectra (RS), in nanoparticles q is quan-
tized due to the size quantization effect. The minimal
phonon wavevector is qL ∼ 2pi/L, with L being the typ-
ical nanocrystallite size. This yields measurable Raman
peak downshift, as compared to the bulk material.
The standard method of theoretical analysis of the
crystalline nanoparticle RS8–13 is the semiphenomeno-
logical phonon confinement model (PCM) introduced
by Richter, Wang, and Ley14 and further developed by
Campbell and Fauchet15. This model is not free of dis-
advantages. First, PCM is based on the assumption of
a smooth (Gaussian) decay of atomic vibration ampli-
tudes from nanocrystallite center to its surface, which
seems ill-founded. Indeed, this assumption brings to the
theory the adjustable parameter of phonon amplitude at
the particle boundary. In our opinion, it is an attempt to
incorporate several physical phenomena (such as particle
size, shape, disorder, etc.) using a single quantity. As
a result, for the commonly used value of this parameter,
98% of vibration energy is unphysically restricted to 2%
of nanocrystallite volume near its center16.
Second, within the PCM the RS of identical nanopar-
ticles are broad and smooth. However, as it can be
seen from ab initio calculations of nanodiamond RS (see
Refs.17–19) and experimental fullerene RS20, the single
nanocrystallite Raman fingerprint is actually very sparse.
It has a comb-like shape with multiple narrow peaks. The
approach developed below shows, that even for relatively
large particles the spectrum is also sparse (see Fig. 5 in
Sec. III).
Furthermore, PCM cannot explain the (slightly slop-
ing) shoulder between 1100 and 1250 cm−1 in nanodi-
amond RS (see, e.g., Ref.10). To provide an agree-
ment between experimental data and PCM calculations
the suggestions of crystal defects and multiple phonon
modes have been made, which incorporated even more
adjustable parameters into the theory10.
Finally, within the PCM, the vibration mode with bulk
optical phonon frequency in the Brillouin zone center
ω0 = ω(q = 0) brings a non-zero contribution to the Ra-
man spectra. Its contribution is suppressed only due to
the low phonon density of states (DOS) in this region,
such that lower frequencies (higher momenta) provide
more significant contribution to the spectrum. However,
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2the phonon frequency in nanoparticles cannot reach the
value ω0 in principle, due to the size quantization effect.
There were several efforts to improve the PCM
by modifying the phonon amplitude envelope in
crystallites16,21–23, which had only relative success. In
Refs.10,24 the authors accounted for the for phonon dis-
persion anisotropy in various directions in the Brilloiun
zone.
Numerically, the RS of semiconductor and diamond
nanoparticles have been modeled by means of the den-
sity functional theory (DFT). This approach allowed
to calculate the spectra for up to 1000 atoms in a
nanocrystallite17–19.
In the present paper, we develop a theory free of ad-
justable parameters except for the phonon line width. We
used the material constants unambiguously defined from
the microscopic model. The theory is based on the com-
bined use of the dynamical matrix method (DMM) and
the bond polarization model25 (BPM). It makes possible
to describe the RS of nanoparticles with diamond-like
lattice. Hereinafter, we shall refer to this theory as the
DMM-BPM approach.
Our method keeps the principal advantage of the PCM
intact: the nanoparticle is a zero-dimensional object with
respect to the actual wave length of the excitation laser.
It allows us to incorporate the bond polarization model
in order to treat all the nanoparticle vibration modes.
The primary virtue of the dynamical matrix method is
the possibility to study the particles consisting of several
thousands of atoms (much larger than what DFT can
treat) and to keep the microscopic nature of the descrip-
tion of atomic vibrations. Simultaneously, the classical
BPM is famous for successful reproducing of experimen-
tal fullerene C6026–28 and Si29 nanoparticle RS.
More specifically, we utilize the DMM in order to ob-
tain particle vibration modes for nanocrystallites of var-
ious shapes and sizes. We derive the bond polarizations
using the obtained eigenstates and the material con-
stants known from microscopics. It allows to calculate
the nanoparticle RS within the framework of the BPM
scheme. Next, from the analysis of relations between
the vibrational density of states of a nanoparticle and
the calculated spectral intensities, we propose the sim-
ple quasicontinuum analytical formulation of the DMM-
BPM approach applicable for particles of arbitrary size.
We undertake the thorough comparison of our ap-
proach (both analytical and numerical) with the com-
monly used PCM in order to interpret three detailed
sets of experimental data related to nanodiamond RS.
We find that our model fits the experiment much better
than the PCM one. Note, that we concentrate on nan-
odiamonds; however, the theory can be easily extended
to other crystalline materials.
The rest of the paper is organized as follows. In Sec. II,
we formulate DMM and BPM in the form suitable for
further applications. In order to verify these methods,
we supplement our theoretical analysis by ab initio cal-
culations within the DFT scheme. In Sec. III, we com-
bine DMM and BPM into an integrated approach, capa-
ble to treat the nanoparticle RS. Furthermore, analyzing
the relation between the eigenmodes of nanoparticle and
the Raman peak intensity, we formulate the DMM-BPM
theory via simple analytical equations. In Sec. IV, we
present the comparative analysis of our approach and
the PCM model, both applied to the available experi-
mental data. In Sec. V, we discuss the advantages of
the DMM-BPM and possible extensions of this work. Fi-
nally, we present our conclusions. Our paper is supple-
mented with two Appendixes which contain some details
of DMM-BPM scheme.
II. GENERAL THEORY
A. Dynamical matrix method and bond
polarization model
The dynamical matrix method30,31 allows to derive the
normal modes and the eigenfrequencies ω of molecules
and nanoparticles by solving 3N×3N eigenvalue problem
Mω2ui,α =
N∑
j=1
∑
β=x,y,z
∂2Φ
∂ui,α∂uj,β
uj,β , (1)
where ui,α is the i-th atom displacement along α direc-
tion, N is the number of atoms in the nanoparticle, M is
the atomic mass and Φ is the total energy of the particle
as a function of atomic displacements.
We derive Φ from the microscopic Keating model32–35.
In this model, the parameter α0 measures the bond rigid-
ity with respect to stretching and the parameter β0 mea-
sures the valence angle bending. Keating model yields
the simple expression for the optical phonon frequency
in the Γ point:
ω20 =
8
M
(α0 + β0). (2)
Substituting α0 = 1.068 Dyn·cm−2 and β0 = 0.821
Dyn·cm−2 from the Table II of Ref.36
we find ω0 = 1388 cm
−1. This value differs from
the one ω0 = 1333 cm
−1 obtained from experimental
data37–40 and ab initio calculations41. In what follows
we shall use the renormalized parameters α = α0CN and
β = β0CN , where CN = (1333/1388)
2
. We attribute the
rescaling of phonon energies caused by CN to the reg-
ular overestimation of the elastic constants within the
Keating model. This procedure provides the correct op-
tical phonon frequency in the Brillouin zone center, keep-
ing the ratio between stretching and bending elastic con-
stants intact. Note that the formulation of DMM-BPM
can be performed using any particular bulk crystal dis-
persion originating from a specific microscopic model.
To approximate the optical phonon dispersion in dia-
mond we use the standard expression:
ωph(q) = A+B cos(piq˜), (3)
3where the normalized q˜max = 1 corresponds to the
boundary of the Brillouin zone qmax ≈ 2pia0 for diamond-
type lattice. Here and below, the quantities with tilde
stand for phonon wave vectors normalized to unity;
a0 = 0.357 nm is the diamond lattice constant, and
A+B = ω0.
The Keating model and the employed force constants
yield B ≈ 85 cm−1.The bulk diamond phonon dispersion
ωph(q) calculated on the basis of Keating approach is
closer to the one introduced by Ager42 (B ≈ 91 cm−1)
than to those presented by Yoshikawa9 (B ≈ 141 cm−1)
and by Chaigneau43 (B ≈ 32 cm−1).
The BPM itself and the constants required for deriving
the polarization tensors are described in Ref.25 (see sec-
tion 11.5, Eq. (11.16) and Table 11.3) and in Refs.26–28.
These constants have been introduced for hydrocarbon
single bond polarization in Ref.44 and have been adopted
for carbon atomic clusters in Ref.27. The main output of
the BPM are the polarization tensors Pαβ(ν) for ν-th
mode. In the most general form, they can be expressed
via the normal modes as follows:
Pαβ(ν) =
N∑
i=1
∑
α′
Mi,α,β,α′ui,α′(ν), (4)
where Mi,α,β,α′ are the combinations of atomic radius
vectors and material constants describing the bond po-
larizations. In Appendix A, we present the equations
expressing the components of tensor Mi,α,β,α′ via the mi-
croscopic parameters of the theory.
The quantity Pαβ(ν)eiαesβ characterizes the intensity
of photon scattering from the state with polarization ei
to the state with polarization es. In order to calcu-
late the powder RS in the backscattering geometry, one
should average the squared vector Pαβ(ν)eiα over the di-
rections of es. We denote the result of this procedure
as Nˆ(Pαβ(ν)). Then, the light intensity of the Raman
spectrum I(ω) can be described as a superposition of
Lorentzians centered at corresponding eigenfrequencies
with their weights proportional to Nˆ(Pαβ(ν)),
I(ω) ∝
∑
ν
n(ων) + 1
ων
Nˆ(Pαβ(ν))
Γ/2
(ω − ων)2 + Γ2/4 , (5)
where n(ων) is the Bose-Einstein occupation number for
the mode with frequency ων . The additional parameter
of the model is the linewidth Γ, which is a combination
of the spectrometer resolution and the intrinsic phonon
damping. In the present paper, we shall treat Γ as a
free adjustable parameter. Its microscopic origin will be
clarified in a separate publication45.
The bond polarization model is closely related to the
linear response theory applied previously for studying the
RS of glasses46 and semiconductor nanostructures47–49.
The dynamical matrix diagonalization, calculating RS
and further analysis of DOS was performed in ”Math-
ematica” package50.
B. Ab-initio calculations
To verify the usage of dynamic matrix method and
bond polarization model for the analysis of RS we per-
form ab-initio calculations for 0.75 nm, 0.86 nm, 1 nm,
and 1.25 nm roughly spherical nanoparticles. The ”Gaus-
sian” package51 was used for calculations with the semi-
empirical method PM352 with a standard base 3-21g.
The scaling coefficient 0.925 obeys the 1333 cm−1 limit
value for large particle size when making the approxima-
tion of the points obtained by DFT with eq. (3) and eq.
(7). The free bonds of the surface atoms were terminated
with heavy hydrogens, like in Ref.18.
III. FORMULATING THE METHOD
A. Basic properties of eigenvalues and
eigenfunctions of dynamical matrices
In our numerics, we consider the nanocrystallites in the
shape of a sphere, a cube and a truncated octahedron.
Henceforth, we use the diameter L of a spherical particle
with the same number of atoms as in the nonspherical
ones, as the measure of the effective size of the nonspher-
ical particles. The sizes of particles vary from 0.75 nm to
4.5 nm. The latter corresponds to approx. 8500 atoms.
The eigenvectors of dynamical matrices are normalized
to unity and therefore vibration amplitudes are propor-
tional to L−3/2, similar to phonon normalization.
For all considered particle shapes and sizes, the struc-
ture of the solution of dynamical matrix eigenproblem is
as follows. The first three eigenvalues are nearly degen-
erate and correspond to relative shears of sublattices in
three spatial directions. The Raman scattering intensi-
ties Nˆ(Pαβ(ν)) calculated for these eigenfunctions have
maximal magnitudes nearly equal to each other. Their
sum N1−3 is given by
N1−3 = N0
L3
a30
. (6)
Here, N0 is the constant calculated within the BPM and
corresponding to the set of elastic and polarization pa-
rameters we use. It is proportional to the volume of the
nanoparticle. Frequencies and Raman intensities of the
three highest modes do depend on the particle size, but
are almost independent of its shape. On this level of
accuracy, the highest eigenfrequency can be found ana-
lytically via the formula:
ωL = ωph(qL), (7)
where qL =
2pi
L is the characteristic scale of the momen-
tum size quantization. It is worth mentioning that the
main Raman peak is governed by ωL.
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DMM approach, 1st mode
DMM approach, 13th mode
Approx. with Eq. (7), 1st mode
Approx. with Eq. (7), 13th mode
★ Ab initio, 1st mode
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FIG. 1. Size dependence of the highest normal mode fre-
quency downshift ∆ωL = ω0−ωL. Three points for each size
(almost indistinguishable) correspond to three nanocrystallite
shapes. Black dots are for 1st mode and gray dots are for 13th
mode. The solid lines drawn for Eq. (7) fit the numerics well.
This fact will be used in our further derivation. The stars
show the results of ab initio calculations.
Fig. 1 shows the downshift ∆ωL = ω0−ωL of the high-
est mode frequency relative to the bulk diamond one as
a function of particle size obtained numerically and its
approximation given by Eq. (7). Remarkably, ωL is al-
most independent of the shape of a particle. Therefore,
the L-dependence of ωL in Eq. (7) allows a simple esti-
mate for the typical nanodiamond size in the powder as
a function of the Raman peak position. Moreover, Eqs.
(3) and (7) permits us to derive simple formulas for RS
(see Eqs.(11)-(14) below).
Similar downshift of the first mode frequency has been
reported in Refs.23,29 for silicon nanoparticles and pre-
dicted by toy model in Ref.53. The size effect for the
nanoparticle breathing mode has been shown using DFT
in Ref.18.
The origin of these large and almost identical contri-
butions of the first three modes could be understood as
follows. Numerically, the magnitudes of atomic displace-
ments are maximal in the centers of the nanoparticles
and drop to zero at their boundaries. Generally, they
have the cosine-like shape, which is close to the lowest-
in-λ solution of the continuous equation ∆ψ = λψ with
Dirichlet boundary conditions ψ|dΩ = 0.54
Numerical analysis (see also Appendix B) shows that
the normal modes from the 4-th to the 12-th are Raman
silent, and only the 13-th mode becomes Raman active
again. Moreover, the 13-th mode can be treated as the
beginning of a band of Raman active modes. This band
consists of interleaving Raman active and Raman silent
subbands, the subband width being of the order of 10
eigenvalues. The Raman scattering intensity of a single
mode within the first subband is at least one order of
magnitude weaker than that of the three highest modes.
The eigenfrequency corresponding to the 13-th mode can
be estimated as ωL,13 = ωph(qL,13), where qL,13 ≈ 1.8qL
(cf. Fig. 1). Moreover, the modes starting from the
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FIG. 2. Raman spectra of a 1.25 nm spherical nanodiamond
particle, obtained by the DMM-BPM approach using Eq. (5)
(blue curve) and ab initio (black dashed curve), with Γ =
1 cm−1. The inset shows the 1.25 nm particle with added
hydrogens on its surface taken for ab initio calculations as in
Ref.18.
13-th are very dense. In the next subsection we shall
demonstrate that they can be treated as a continuum.
Fig. 2 shows the Raman spectra of a 1.25 nm spherical
nanodiamond, obtained from Eq. (5) with Γ = 1 cm−1.
One can see that the results of DMM-BPM and ab initio
models yield the close position of the main peak and sim-
ilar comb-like structure of peaks in the region 1100−1250
cm−1. We postpone the detailed analysis of the nanopar-
ticle shape effect until a forthcoming publication55.
B. Analytical formulation of DMM-BPM
Numerically, the dynamical matrix diagonalization
and the implementation of BPM become cumbersome
for nanoparticles larger than 4 nm. In this subsection,
we propose an approximate analytical scheme for calcu-
lating the RS of nanoparticles of arbitrary size based on
the analysis of our numerical results. This analysis allows
to derive the Raman spectra for larger particles, which
cannot be treated within the exact DMM-BPM and/or
ab initio methods.
First, let us approximate the optical phonon DOS as a
function of particle size L as follows:
D(ω) =

0, ωL < ω
D0(ω), A− 12B < ω < ωL
const = D0(ω)|ω=A− 12B , A− 2B < ω < A−
1
2B
0, ω < A− 2B,
(8)
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FIG. 3. Sum of phonon DOS of three 4.5 nm diamond
nanoparticles (sphere, cube, and truncated octahedron) plot-
ted as a function of number of modes per 1 cm−1 (dots). The
sum of DOS for three particle shapes is given to enhance the
sampling. The blue curve depicts the analytical phonon DOS
given by formulas (8) and (9). The two vertical dashed lines
show the band of Raman silent modes from ωL to ωL,13.
where
D0(ω) = 4.5 · 10−3cm · L
3
a30
arccos
(
ω −A
B
)2
×
[
1−
(
ω −A
B
)2]−1/2
. (9)
Here, the function D0(ω) is determined by the bulk DOS
derived for the phonon dispersion given by Eq. (3). Since
the cosine dispersion (3) fails near the Brillouin zone
boundary ω = A − B, and there are several closely ly-
ing branches of acoustic and optical modes41 in this re-
gion, we approximate our DOS in the vicinity of the zone
boundary by a constant. Eqs.(8) and (9) fit well the nu-
merical DOS for diamond nanoparticles (see Fig. 3), and
roughly coincide with the bulk diamond one from Ref.56,
resembling also the Si nanoparticle phonon DOS23,57.
Dividing numerically the Raman spectrum of nanopar-
ticle by the (numerical) phonon DOS, one can introduce
the mean Raman scattering intensity for lower (quasicon-
tinuum) modes N(ω):
N(ω) =
∑
ν:ων∈(ω,ω+dω) Nˆ(Pαβ(ν))∑
ν:ων∈(ω,ω+dω) 1
. (10)
The numerator of the above equation is the integral Ra-
man intensity for the phonon modes with frequencies ly-
ing within the interval (ω, ω+ dω), and the denominator
is the total number of such modes.
In spite of discontinuities in scattering intensities of
the lower modes in the quasicontinuum and the existence
of silent subbands, the energy dependence of the mean
Raman scattering intensity can be approximated by a
F
(q)
DMM-BPM weighting function
DMM-BPM weighting function, x10
PCM weighting function
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
Wave vector q in units of 2π/a0
FIG. 4. Function F (q˜) to be integrated to yield the Raman
spectrum, see Eq. 13. The size of the particle is 1.4 nm.
The yellow solid curve is for present theory Eq. (14), and
the blue curve is for the standard PCM envelope F (q˜) =
exp(−q˜2L2/4a20). The yellow dashed curve is for F (q˜) given
by present theory and multiplied by the factor of 10. Note
the discontinuity due to the Heaviside function.
simple power law:
N(ω) = C1N0
(
1− ω
ωL
)−3/2
, (11)
where C1 ≈ 0.003. This quantity is not proportional to
L3, which leads to the overall proportionality of the RS
to the nanoparticle volume.
Using Eqs. (8) and (11), replacing the summation in
Eq. (5) by the integration and writing separately the con-
tribution from the three highest modes, we obtain
IL(ω) =
N0L
3
a30
1
pi
Γ/2
(ω − ωL)2 + Γ2/4
+
∫ ωL,13
0
dω′
pi
D(ω′)N(ω′) Γ/2
(ω − ω′)2 + Γ2/4 . (12)
The first term in this equation related to the three
highest modes is the dominating contribution to the Ra-
man peak. It cannot be described within the continuum
approach. Note also that the upper integration limit in
the “continuum term” is ωL,13. One can see that both
terms (and therefore the entire spectrum IL(ω)) are pro-
portional to N0L
3. Eq. (12) is close by its meaning to
Eq. (13) from Ref.58 and clarifies the physical meaning
of the coupling constant C there.
It is instructive to compare this analytical approach
and the PCM. With a little loss of accuracy (namely,
neglecting the contribution of phonons with frequencies
below A−B and omitting some fine structure of nanopar-
ticle vibrations with frequencies close to ωph(qL)), one
can rewrite Eq. (12) as a PCM-like integral:
6IL(ω) ∝ L3
∫ 1
0
q˜2dq˜F (q˜) Γ/2
(ω − ωph(q˜))2 + Γ2/4 , (13)
with ωph(q) being the standard bulk diamond dispersion,
and
F (q) = δ(q˜ − q˜L)/q˜2L + C2N(q˜)θ(q˜ − q˜L,13), (14)
where N(q˜) = (q˜2 − q˜2L)−3/2 is the averaged scattering
intensity in the momentum domain, θ(x) is the Heavi-
side function, and C2 ≈ 0.2. The contribution from the
highest modes (delta-function term) enters Eq. (14) sepa-
rately from the phonon continuum (theta-function term).
A comparative analysis of the kernel F (q) given by Eq. 14
and by PCM is presented in Fig. 4.
In our approach, the function F (q) plays the role of the
averaged Raman scattering intensity for phonons with
wave vector q. On the contrary, in the PCM approach,
this function F (q) is assumed to be the convolution of
the phonon amplitude envelope Fourier image. Further-
more, in our theory the two-component function F (q) is
significantly sharper than the Gaussian function used in
the PCM, due to the assumption of hard boundaries of
particles (see Fig. 4).
Formulas (11) and (12) constitute our main result in
ω-representation, whereas formulas (13) and (14) are
the same in q-representation (PCM-like). They can
be directly utilized for calculation of Raman spectra of
arbitrary-sized nanodiamonds.
Fig. 5 shows the Raman spectra of a 4.5 nm spherical
nanodiamond obtained with Eq. (5) and Γ = 1 cm−1:
the sum of three RS for 4.5 nm particles (sphere, cube,
and truncated octahedron) with Γ = 10 cm−1 and the
spectrum obtained using Eq. (13) with Γ = 10 cm−1.
First, we see the pronounced comb-like structure of the
spectrum for smallest Γ even for substantially large 4.5
nm particles. Second, taking various nanoparticle shapes
and introducing broader Γ result in effective averaging of
the above-mentioned spectrum. Third, we see that the
analytical formula Eq. (13) reproduces very well the re-
sult of exact DMM-BPM. Therefore, Fig. 5 demonstrates
that our analytical approach is very useful for the treat-
ment of mixtures of differently shaped nanoparticles.
To conclude this subsection, we note that for nanopar-
ticle powder with a broad size distribution n(L) one
should derive the RS via summation over particle sizes:
I(ω) =
∑
L
IL(ω)n(L). (15)
IV. COMPARING WITH EXPERIMENT
In order to verify our theory, let us consider re-
cent scrupulous experimental measurements of nanodi-
amond RS accompanied by the analysis of particle size
distributions59–61.
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FIG. 5. Raman spectra of 4.5 nm spherical nanodiamond
particle obtained within the exact DMM-BPM with Γ = 1
cm−1 (orange curve), the average of three Raman spectra of
4.5 nm particles (sphere, cube, and truncated octahedron)
obtained within the DMM-BPM with Γ = 10 cm−1 (blue
curve) and the spectrum obtained analytically using Eq. (13)
with Γ = 10 cm−1 (red curve). The height of the orange peak
is 9.7. It is cut for clarity.
We calculate numerically the RS of nanoparticles
within the framework of the exact DMM-BPM using
the size distribution taken from Fig. 1(e) of Ref.60 (red
curve in our Fig. 6). This distribution contains parti-
cles from 0.6 nm to 3.1 nm with a maximum around 1.4
nm; for each particle size, we consider three geometric
shapes (spheres, cubes and truncated octahedra). Fur-
ther, in Fig. 6 we demonstrate the original experimental
RS (black dots) from Ref.60 with the peak position at
1324 cm−1 as well as the fit of these data that utilizes
the PCM. The correctness of the PCM parameters used
here is justified by the complete reproduction of the RS
plots within the Yoshikawa (Fig. 8 of Ref.59, L = 10.8
nm) and Ager (Fig. 2(a) of Ref.10) models, respectively.
From Fig. 6, we see a very good agreement between
our calculations and the experimental data of Ref.60 (ex-
cept for the underestimation of the shoulder magnitude).
The PCM spectra are drastically different from both ours
and Ref.60 results; they are unable to fit the experimen-
tal data for small nanoparticles. Furthermore, our peak
position (1320 cm−1) is much closer to the experimental
value (1324 cm−1) than that of the PCM (1260 - 1300
cm−1). According to Fig. 1, the peak downshift equal
to 13 cm−1 corresponds to 2 nm nanoparticles, which
matches the mean value of the size distribution. We use
Γ = 28cm−1 for DMM-BPM and PCM with Ager disper-
sion, and Γ(L) = (3.0 + 145nmL ) · 1 cm−1 for PCM with
Yoshikawa dispersion (see also Eq. (4) in Ref.10).
Next, in the experiment of Ref.59, the size distribution
contains larger nanoparticles (up to 10 nm). Therefore,
it is tempting to employ the analytical approach of our
Eq. (13). It is depicted in Fig. 7 by the red curve. The
MSY18-O1 sample Raman spectrum from Fig. 8 of Ref.59
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FIG. 6. Comparison of the experimental Raman spectra from
Ref.60 for nanodiamonds ranged between 0.6 nm and 3.1 nm
(black dots), predictions of the PCM (blue curves) and the
present theory (red curve) based on the nanoparticle distri-
bution from Ref.60. Vertical black line denotes the position
of the bulk diamond peak.
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FIG. 7. Comparison of experimental Raman spectra from
Ref.59 (black dots) for nanodiamonds ranged between 3 and
10 nm, predictions of PCM (blue curves) and the present
theory (red curve) based on the nanoparticle distribution from
Ref.59. Vertical black line denotes the position of the bulk
diamond peak.
is plotted in Fig. 7 using black dots, together with PCM
realization with Ager and Yoshikawa dispersions. The
width Γ = 28 cm −1 is taken for analytical DMM-BPM
approach and PCM with Ager dispersion. For Yoshikawa
dispersion, Γ(L) is taken as previously.
Fig. 7 demonstrates an excellent agreement between
our theory in analytical form and the experiment. In
particular, there are no problems with the shoulder de-
scription as it occurred for smaller particles. The PCM is
working better than for smaller particles, but the quality
of the fit is still far from being acceptable. Experimental
peak position is 1329.6 cm−1, while the developed theory
predicts 1330.3 cm−1.
We arrive to similar conclusions analyzing the data of
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FIG. 8. Comparison of an experimental Raman spectrum
from Ref.61 (black dots), predictions of PCM for nanodia-
monds of approximately 4 nm (blue curve) and the present
DMM-BPM theory based on a Gaussian distribution centered
at 4 nm (red curve) are shown. Vertical black line denotes the
position of the bulk diamond peak.
Ref.61. Again, DMM-BPM is applied on the analytical
level of Eq. (13). We examine the experimental Raman
spectrum of ND-TNT/RDXd sample. The authors of
Ref.61 point out that XRD gives 4 nm for mean nanopar-
ticle size and HRTEM yields 3-6 nm for width of the dis-
tribution; however, the entire histogram is not presented.
In order to mimic the data of Ref.61 we artificially con-
struct a normal distribution with FWHM = 1 nm cen-
tered at 4 nm. We choose Γ = 32 cm−1 for analytical
DMM-BPM approach and PCM with Ager dispersion.
For PCM with Yoshikawa dispersion, Γ(L) is taken as
previously.
The impressive success of DMM-BPM theory as com-
pared to the PCM in fitting the experimental data of
Ref.61 is drawn in Fig. 8.
It worth mentioning, that the use of Ager phonon dis-
persion with lower B coefficient leads to the Raman peak
downshift approximately 1.5 times smaller with respect
to Yoskikawa dispersion.
The analysis of this subsection clearly demonstrates
the advantages of our theory in the interpretation of
the experimental data, especially in the range of small
nanoparticles, where the PCM evidently fails.
V. DISCUSSION AND CONCLUSION
A. Discussion
The developed exact DMM-BPM theory is based on
a microscopic description of vibrational properties of the
system and is free of nonphysical adjustable parameters.
The fitting parameter Γ, which we use in our calculations,
has a clear physical meaning of a phonon linewidth. It
needs further microscopic clarification45.
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FIG. 9. Raman spectra of diamond nanoparticles from 0.75
nm to 4.5 nm in size obtained numerically using the exact
DMM-BPM approach. Γ = 10 cm−1. With increasing of the
particle size we observe (i) the smearing of the fine peak struc-
ture, (ii) the sharpening of the peak, and (iii) its tendency to
the vertical black line which denotes the position of the bulk
diamond peak.
The DMM-BPM provides the solid ground for a very
simple analytical version. Moreover, the exact DMM-
BPM is especially useful for the treatment of small
nanoparticles, for which the PCM is not applicable and
the only competitor of our method is the completely nu-
merical ab-initio methods.
Furthermore, the developed analytical formulation of
the DMM-BPM theory explains the shapes of nanodia-
mond RS and their key features from a new point of view.
According to this view, the spectra are the superpositions
of two contributions. The first contribution is due to the
highest nanoparticle vibration eigenmodes, and the sec-
ond one, stemming from a quasicontinuum, provides the
structure of a shoulder of RS.
Due to its dispersion, the optical phonon with the max-
imal energy has a maximal wavelength, which is of the
order of the nanoparticle size. This unambiguously con-
nects the main peak position with the size of the particle,
see Fig. 1. With decreasing the size, the phonon energy
decreases and the main Raman peak becomes sharper
and shifts down. This process is schematically depicted
in Fig. 9.
Despite the fact that a single crystallite RS consists
of multiple narrow peaks, averaging over particle shapes
and sizes as well as taking into account the intrinsic
phonon damping leads to smoothing of spectra for real
powders, which can be seen from comparison of theoret-
ical spectra and experimental data.
The DMM-BPM reproduces the experimental Raman
spectra obtained recently with a very high accuracy.
However, it requires the information about the size dis-
tribution function. On the contrary, the PCM is not
able to reproduce these spectra (especially for small par-
ticles) and contains critical imperfections16. The devel-
oped model can be also formulated as an integral over the
Brillouin zone, thus resembling the PCM with different
in physical meaning and shape (non-Gaussian) and well-
motivated weight function F (q). It makes the application
of our theory simple and straightforward. The DMM-
BPM provides the Raman spectroscopy with a novel use-
ful tool for nanoparticle size measurements along with
DLS, XRD, HRTEM, SAXS, and AFM.
In Refs.9,10,43,62 the experimental Raman spectra of
nanodiamonds have been presented, providing the mean
sizes of nanoparticles. However, the information about
the size distribution function is not available. We be-
lieve that our theory should be successful in interpreting
these experimental results9,10,43,62, given that more de-
tailed information will be at hands.
Meanwhile, there are some experiments that cannot
be interpreted directly within the framework of the de-
veloped approach. For instance, Ref.9 reports a 10 cm−1
downshift for 4.3 nm nanodiamonds, measured by XRD,
while our model yields a twice smaller value. This phe-
nomenon can be attributed to the effect discussed in
Ref.43, where the Raman peak downshift 3.5 cm−1 has
been reported for nanodiamonds of 9 nm size measured
by DLS. The authors of Ref.43 argued from HRTEM data
that these 9 nm particles are actually the aggregates of
two or three primary units, giving 3-6 nm for their sizes.
However, this speculation is out of scope of our study.
Finally, the distorted and partly amorphous diamond
surface can contribute to the shoulder in RS between
1100 cm−1 to 1250 cm−163,64, because there are evi-
dences of its changes upon nanoparticle oxidation10,59.
The amorphous phase with an intermediate sp3−x hy-
bridization on the nanodiamond surface can also con-
tribute to the Raman signal as sp2 band at 1600 cm−1.
Accounting for the nanoparticle surface reconstruction
and amorphization is also beyond the scope of the present
work.
B. Conclusion
We propose a novel theory of Raman scattering in crys-
talline nanoparticles, free of adjustable parameters and
unphysical assumptions. This theory consists of two in-
gredients, namely the dynamical matrix method and the
bond polarization model (DMM-BPM approach). The
theory allows a simple analytical formulation for large
enough (≥ 2 nm in diameter) particles. We calculate
the nanodiamond Raman spectra and find very good to
excellent agreement between our theory and the avail-
able experimental data, especially in the range of pa-
rameters where the commonly used phonon confinement
model (PCM) fails.
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Appendix A: Polarization tensor in BPM
Due to the main assumption of the empirical BPM, the
nanoparticle electronic polarizability can be expressed as
a sum of individual bond polarizabilities. Furthermore,
the bond polarizability is assumed to be the function of
bond length R and does not depend on chemical envi-
ronment. The explicit formula includes isotropic and
anisotropic parts,
Pαβ =
1
3
(α‖ + 2α⊥)δαβ + (α‖ − α⊥)
(
RαRβ
R2
− 1
3
δαβ
)
,
(A1)
where α and β are the Cartesian coordinates, α‖ and α⊥
are the polarizability parameters. The intensity of the
first-order Raman scattering reads:
Iis(ω) ∝
∑
ν
n(ων) + 1
ων
∣∣∣∣∣∣
∑
αβ
Pαβ(ν)eiαesβ
∣∣∣∣∣∣
2
δ(ω − ωf ).
(A2)
Here, ei and es are the polarizations of incident and scat-
tered light, respectively, n(ων) is the Bose-Einstein occu-
pation number for ν-th phonon mode with frequency ων .
The tensor Pαβ(ν) can be expressed via the electronic
polarizability derivatives with respect to the real space
atomic displacements ui,α as follows:
Pαβ(ν) =
∑
i,γ
∂Pαβ
∂ui,γ
ui,γ(ν), (A3)
where i enumerates all the atoms in a nanoparticle and
u(ν) is the eigenvector of the dynamical matrix eigen-
problem (1). After some calculations, Eqs. (A1) and (A3)
yield
Pαβ(ν) =−
∑
i,B
[
e0(i, B) · ui(ν)
{(
α′‖(B) + 2α
′
⊥(B)
3
)
δαβ
+ (α′‖(B)− α′⊥(B))
(
e0α(i, B)eoβ(i, B)− 1
3
δαβ
)}
+
(
α‖(B)− α⊥(B)
R0(i, B)
)
{e0αui,β(ν)− e0βui,α(ν)
− 2e0(i, B) · ui(ν)e0α(i, B)eoβ(i, B)}
]
, (A4)
where B denote the bonds of the i-th atom, e0(i, B) =
R0(i, B)/R0(i, B) is the unit vector along the bond B,
and α′‖(B) and α
′
⊥(B) are the radial derivatives of po-
larizability parameters.
Appendix B: Active and silent modes
Within the BPM (See Appendix A) the polarizabil-
ity tensor Pαβ(ν) is the superposition of individual bond
polarizabilities summed up over the nanoparticle vol-
ume. The latter ones are determined by the phonon
wavefunctions. In Fig. 10 (upper panel), we plot the
spatial structure of the 1st eigenmode of a 2.5 nm cu-
bic nanoparticle as an example of a “Raman active”
mode. It can be approximated by the envelope func-
tion u1(r) = cos(pirx/L) cos(piry/L) cos(pirz/L), which
is evidently positive, thus its integral over the nanopar-
ticle volume yields a large positive contribution to the
Raman intensity. On the other hand, the 4th eigen-
mode depicted in Fig. 10(b) is an example of a “Ra-
man silent” mode, as it changes its sign across the
crystal and has a node near the crystal center. With
a good accuracy, it can be approximated by u4(r) =
sin(2pirx/L) cos(piry/L) cos(pirz/L), so its spatial integral
tends to zero. Similar analysis can be performed for any
other mode. This justifies our segregation of phonon
eigenmodes into Raman active and Raman silent parts.
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